A kettledrum is made of a circular elastic membrane stretched over an enclosed air cavity. It is set into vibration by the impact of the mallet. The motion of the membrane is coupled with both the external and internal sound field. A time-domain modeling of this instrument is presented which describes the motion of the mallet and its nonlinear interaction with the membrane, the transverse displacement of the membrane, and the sound pressure inside and outside the cavity. Based on a variational formulation of the problem, which uses the pressure jump over the boundaries of the instrument as a new variable, a numerical scheme is derived by means of three-dimensional finite elements. Higher-order absorbing conditions are used to simulate the free space. The validity of the model is illustrated by successive snapshots showing the pressure fields and the displacement of the membrane. In addition, time histories of energetic quantities help in explaining how the energy is balanced between mallet, membrane, and acoustic field in real instruments. Simulated external pressures show particularly good agreement with the sound field radiated by real instruments in both time and frequency domains.
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INTRODUCTION
The kettledrums, or timpani, are percussive instruments made of a thin circular membrane stretched over an air cavity. The membrane is set into vibration by the impact of a mallet. The sound of such instruments can be roughly divided into two parts: the attack, or initial transient, where the membrane strongly interacts with the mallet, and the decay, which is made of the relatively slow decrease of the free vibrations of the system. The vibrations of a circular membrane in vacuo have been extensively investigated in the past. The mathematical solutions for the eigenmodes and the eigenfrequencies can be found in many textbooks. 4, 5 A model of the acoustics of timpani has been studied in the frequency domain by Christian et al. by computing the eigenfrequencies of a baffled membrane coupled to the exterior fluid and to a cylindrical attached cavity. 6 The results obtained show to what extent the presence of both external and internal air loading shifts the eigenfrequencies of the membrane. In the time-domain, a previous work by the second author of this paper was limited to the modeling of the interaction between mallets and a membrane in vacuo. 7 Other previous studies related to the kettledrums are more specifically devoted to the kettle-shape dependence of timpani normal modes, 8 to the properties of mallets used in percussion instruments 9 and to the accurate signal analysis of timpani sounds. 10 However, a number of physical problems related to timpani sound production still remain unsolved. No satisfactory model exists, for example, for the evolution with time of timpani sounds and vibrations, starting from the nonlinear initial impact, and taking the interaction of the unbaffled membrane with external air and cavity into account.
It is a well-known fact that the quality of sound produced by timpani is highly dependent on the various damping mechanisms in the instrument. These mechanisms are essentially due to losses in the mallet's felt and in the membrane's material, to absorption at the membrane's boundaries, and to acoustic radiation. It turns out that these losses are very difficult to measure and to discriminate experimentally, and thus, a simulation program is of major help for separately investigating each damping term. Such a program could also be used for optimizing cavity volume and shape, which should be of interest for instrument makers.
The purpose of this study is to present a time-domain numerical formulation for the vibroacoustics of timpani. The governing equations of the model are presented in Sec. I. This model includes the motion of the mallet, the nonlinear interaction between both mallet and membrane, and the transverse vibrations of the membrane coupled with both the external and internal acoustic field. The problem is complemented by initial and boundary conditions for the mallet, the membrane, the kettle, and the sound field, respectively.
In order to solve these equations numerically, the problem is first rewritten by using an equivalent variational formulation. In this procedure a new variable is introduced for convenience: the pressure jump over the boundaries of the instrument. A numerical scheme is then derived by means of three-dimensional finite elements. For space discretization, the acoustic pressure and the acoustic velocity are discretized on a regular volume mesh. The pressure jump is discretized on a triangular mesh for the surface ⌫ϭ⌺ഫC of the kettledrum and the displacement of the membrane is discretized on another triangular mesh for ⌺. For time discretization, a classical centered finite differences scheme is used. Higherorder absorbing conditions are implemented to simulate the free space. 11 The numerical formulation of the problem is presented in Sec. II.
In Sec. III, the model is first tested by a comparison between numerical and analytical results, in the simple case of a membrane in vacuo. Other simulations, including external air loading and cavity, are used for displaying successive snapshots of the pressure, inside and outside the cavity, together with the displacement of the membrane. It will be shown, also, to what extent an energy approach helps in understanding the energy exchange between the mallet, the membrane, and the acoustic field during the evolution of sound. Section IV is devoted to the comparison between measured and simulated radiated sound pressure. Comparisons are made in both time and frequency domains by examining similarities and differences in waveforms, eigenfrequencies, and decay times. The effect of improper tensioning of the membrane, in connection with the appearance of characteristic beats, is also examined.
One difficulty of the comparison between simulations and experiments follows from the necessity of inserting accurate values of geometrical and physical parameters into the model. Therefore, a discussion on the method used for extracting the parameters from measured signals is also provided in this section, with particular emphasis on the tension of the membrane, on the damping coefficient, and on the mallet's model.
I. GOVERNING EQUATIONS
The vibroacoustics of kettledrums can be described by a set of coupled equations that govern the motion of the mallet, the propagation of elastic waves in the membrane, the internal pressure in the cavity, and the external pressure in the surrounding fluid, respectively.
The motion of the mallet is described by the displacement u(t) of its center of gravity. It starts at time tϭ0, when the felt just reaches the membrane with initial velocity v 0 , regardless of how the mallet has been set into motion by the player before the origin of time. The initial conditions for the mallet are, at this time, according to the orientation of the z-axis ͑see During the contact, the mallet is subjected to the interaction force F(t) between mallet and membrane, due to the compression of the felt, and the displacement is governed by Newton's second law,
Notice that, in the normal use of the instrument, the mallet is held at one end by the hand of the player. As a consequence, the effective dynamic mass m in Eq. ͑2͒ is not equal to the static mass, obtained, for example, by weighing the head on a precision balance ͑see Sec. IV͒.
F(t) can be conveniently described by a nonlinear function of the felt compression. This model of compression can be viewed as a 2D extension of a previous model which has been successfully applied in the past for the modeling of hammer-string interaction in the piano, 12 F͑t
where K is a stiffness coefficient and ␣ a phenomenological exponent. These coefficients are derived from a curve fitting of the force-deformation curve with a power law, in the usual range of the excitation force. 7 The symbol ''ϩ'' means ''positive part of.'' W(t) is the mean displacement of the membrane's area in contact with the mallet defined as
assuming that the impact is distributed over a small area of the membrane surface ⌺ at the excitation point of coordinates (x 0 ,y 0 ) with spatial window g(x,y). The smooth positive function g(x,y) is normalized so that ͐ ⌺ g(x,y)dxdy ϭ1 m 2 . The size of the spatial window has been estimated by measuring the size of the spots drawn on the membrane by mallets previously colored with ink. The variation of the contact area with time, during the impact, is neglected. The hysteretic cycle, due to the relaxation of the felt, and the elasticity of the stick, are also neglected in the model.
Assuming that the transverse displacement w(t) is sufficiently small, 4 then the membrane equation can be written
which expresses that the inertial force is balanced by the sum of three terms: the restoring force due to the tension T, the impact force, and the pressure jump ͓ p͔ on the membrane. The internal damping in the membrane is modeled by a relaxation ͑viscoelastic͒ term with coefficient . The essential purpose of this coefficient is to introduce a frequencydependent damping in the membrane. Its relevance will be discussed in Sec. IV. Notice that, for nonuniform membranes, the three coefficients , T, and are functions of space. The numerical simulation presented in Sec. II will allow such variations. The force density term f (t) is related to the interaction force F(t) by the relation
Due to the properties of g, one has F(t)ϭ f (t). As a consequence, there will be no distinction between these two variables in the following parts of the paper. The membrane is assumed to be clamped at its periphery ‫ץ‬⌺, which implies w͑x,y,t ͒ϭ0 ᭙͑x,y ͒‫ץ‬⌺, ᭙tϾ0. ͑7͒
The losses at the edge are neglected. At the origin of time, the membrane is assumed to be at rest, which yields w͑x,y,0͒ϭ ‫ץ‬w ‫ץ‬t ͑ x,y,0͒ϭ0 ᭙͑x,y ͒‫ץ‬⌺. ͑8͒
The acoustic fields both inside (⍀ i ) and outside (⍀ e ) the cavity are governed by the equations
where c a is the speed of sound, a is the density of air, p j is the sound pressure in ⍀ j , and V j the acoustic velocity in ⍀ j . These equations are complemented by a condition of continuity for the normal component of the velocity on the surface ⌺ of the membrane in the plane zϭ0 ͑see Fig. 1͒ ,
͑11͒
and by the initial conditions
Finally, it is assumed that the kettle is perfectly rigid, which means that
where n is the exterior unit vector normal to the surface ⌫ of the kettledrum. In the model, the shape of the kettle is assumed to be ellipsoidal. A comparison between a real bowl and this mathematically defined shape will be made in Sec. IV.
The system of coupled equations described above satisfies a property of energy decay. The energies of the mallet E m , of the membrane E w , and of the sound field ͑external field ϩ cavity͒ E a , respectively, are given by
where p and V are defined by their restrictions to ⍀ j ( j ϭe,i): p ͉⍀ j ϭp j and V ͉⍀ j ϭV j . The first term in the right-hand side of Eqs. ͑14͒-͑16͒ is the kinetic energy, whereas the second term is the potential energy. Because of the viscoelastic damping term in the membrane equation, the total energy of the system EϭE m ϩE w ϩE a is decreasing with time. It can be shown that
One goal of the numerical method described in the following section will be to preserve the energy property expressed in Eq. ͑17͒ for the discrete system in space in order to ensure the stability of the numerical formulation.
II. THE NUMERICAL METHOD
One main difficulty in the numerical resolution of the previous set of coupled equations results from the size of the three-dimensional problem. Another difficulty arises from the correct approximation of the bowl's shape. One possibility, in order to save time and memory, is to use a regular mesh composed of small cubes for the sound pressure and to approximate roughly the bowl by means of these cubes. This method, which is very easy to implement, leads unfortunately to numerical spurious diffractions on the artificial boundaries of the bowl due to the cubes and, thus, does not provide an acceptable solution. Another possibility is to use a tetrahedric mesh for the pressure, which fits the geometry of the bowl with a better approximation. However, this method is quite expensive in both computing time and memory. Finally, another alternative is to use the fictitious domain method. 13, 14 It consists of rewriting the system of equations via the introduction of a new unknown which represents the pressure jump ͓ p͔ϭp e Ϫp i across the boundary ⌫ of the instrument.
Using this method, the mallet's equations ͓Eqs. ͑2͒ and ͑3͔͒ remain unchanged while the other four equations of the model can be rewritten in the following variational form ͑see Appendix A for more details͒:
where the unknowns (w,p,V,) and the test functions (w*,p*,V*,*) are chosen in the appropriate spaces of functions so that all integrals in Eq. ͑18͒ are defined.
Notice that there are only integrals on ⌺, R
3
, and ⌫ but not on ⍀ e and ⍀ i in Eq. ͑18͒. Due to this property, one can ignore the interior and exterior volume when meshing the space for the pressure. One must work with a space of continuous functions for w, because of the term ٌw, and with a space of vector fields whose normal components across the surface are continuous for V, because of the term div V. The space for p is not required to satisfy any condition of continuity.
To simulate the free space, the actual computations are restricted to a box ⍀ of finite size which surrounds the instrument, and higher-order absorbing conditions ͑of the 12th order͒ are implemented on the boundary of this domain ͑see Ref. 11͒. For the sake of simplicity, the additional equations resulting from these absorbing conditions will be omitted in this section. These equations are presented in Appendix B.
The continuous variables ( p,V) are approximated by discrete variables in space ( p h ,V h ) on a regular mesh of ⍀ composed of small cubes ͓see Fig. 2͑b͔͒ . The index h indicates that the variables are discrete in space, h being related to the selected spatial step. p h is constant for each element and V h belongs to a space of mixed finite elements, 15 so that each normal component of V h is linear in one direction and constant in the two other directions, on each cube. p h is fully determined by its value in the center of each cube, and V h is given by the values of its normal components across each face of the cube. Figure 2͑a͒ illustrates the degrees of freedom per cube for p h and for the six normal components of V h . A major interest of the fictitious domain method is that the cubic mesh used for computing the pressure is uniform since it ignores the shape of the instrument ͑see Appendix A͒.
The variables w and are discretized by means of P 1 -continuous finite elements on a triangular mesh, on ⌺ and ⌫, respectively. The approximations w h and h are entirely determined by their values at each node of the mesh. Figure  3 shows the three ''degrees of freedom'' for h on a triangle and the mesh for ⌫. Figure 4 shows the mesh for w h . In order to facilitate the computations, the mesh for ⌺ is a refinement on the membrane of the mesh for ⌫, so that each triangle of the ⌫-mesh contains 16 triangles for the mesh of ⌺ ͓see Fig. 4͑a͔͒ . This refinement is consistent with the ratio between the wave velocity on the membrane and the speed of sound in air.
The discretized system in space is obtained by substitut-
for (w*,p*,V*,*) in the continuous equations ͓Eq. ͑18͔͒. The integrals were computed using quadrature formula so that the mass matrices (M w ,M p ,M V ) ͓see Eq. ͑19͔͒ are diagonal. The resulting differential system, including the mallet's equations, can be written in the following matrix form:
and A w t are matrices, G is a vector representing the spatial window of the mallet, and the superscript t on matrices stands for transpose matrices.
One property of the fictitious domain method is that the energy property expressed in Eq. ͑17͒ remains valid for the space discretized system and is not perturbed by the introduction of the new unknown . The discrete energies of the mallet, of the membrane, and of the acoustic field, which correspond, respectively, to the continuous expressions ͑14͒, ͑15͒, and ͑16͒, are defined as follows:
It can be shown that the total discrete energy of the system, defined as the sum E h ϭE h m ϩE h w ϩE h a , is decreasing with time. As a consequence, the energy at time t is lower than the initial discrete energy, 
For the time discretization of the equations, a classical centered finite difference scheme is used. In order to obtain a centered system, the variables p h , w h , and h are computed at instants t n , and the variable V h is computed at instants t nϩ1 /2 , where t l ϭl⌬t, and ⌬t is the time step. The resulting discrete system is of the following form:
This system is solved by considering Eq. ͑24͒ as a linear system in (u h nϩ1 ,w h nϩ1 , p h nϩ1 ,V h nϩ1/2 , h n ), all other terms being known. In practice, most of the computations are explicit, for p h and V h in particular, and one simply has to invert a linear system for h . Other details of the method used for this resolution are beyond the scope of this paper and will not be presented here.
III. RESULTS OF SIMULATION
The model is first validated by a comparison between theoretical and simulated eigenfrequencies for the ideal case of a circular membrane in vacuo clamped at its periphery. In another series of numerical experiments, the complete kettledrum model presented in Sec. I is used in order to investigate the vibroacoustics of the instrument in both the time and frequency domain. The values of the parameters used in the numerical computations are listed in Table I . where cϭͱT/ is the transverse wave velocity on the membrane, J m are the Bessel functions of the first kind of order m, and x mn is the nth zero of J m . Each mode is designated by two integers, where m corresponds to the number of nodal diameters and n to the number of nodal circles ͑including the fixed boundary͒. Numerical simulations are made by considering only the ideal case where the nonlinear mallet strikes a lossless membrane in vacuo. For this simple case, both external and cavity pressure are set to zero in the model. The spectrum of the membrane displacement waveform obtained from the simulation program is analyzed with standard fast Fourier transform ͑FFT͒ tools. The sample rate here is 24 kHz and the length is 3 s ͑72 000 points͒. A Hanning window has been used for the analysis. The results shown in Table II show a remarkable agreement between the first 16 theoretical eigenfrequencies obtained from Eq. ͑26͒ and the values obtained from the Fourier analysis of the simulated membrane motion. Below 700 Hz, the relative error is less than 0.5% between these two sets of frequencies ͑see Fig. 5͒ .
A. Membrane in vacuo
For an ideal circular membrane with uniform tension, clamped at its periphery, the normalized mode functions and angular frequencies
B. Complete kettledrum model
The model now couples the membrane with the mallet and with both the cavity and external sound pressure. The complete set of equations presented in Sec. I is used in the simulations. Figure 6 shows the transverse displacement of the membrane at successive instants of time. The green color corresponds to the equilibrium state of the membrane at its initial position ͓see Fig. 6͑a͔͒ . When the mallet strikes the membrane, it pushes it down. This corresponds to the blue color all around the point of impact ͓see Fig. 6͑b͔͒ . The elastic membrane reacts to this sudden downward force and rises, shown in red, ahead of the impact ͓see Fig. 6͑c͒ and ͑d͔͒. The transverse wave is reflected at the border of the membrane with a change of sign ͓see Fig. 6͑d͒ and ͑e͔͒. Finally, in its phase of decompression, the mallet leaves the membrane which pushes it away ͓see Fig. 6͑f͔͒ . Figure 7 shows the pressure field in the plane of symmetry of the kettledrum perpendicular to the membrane, which contains the impact point, at the same instants of time as in Fig. 6 . At the beginning of the impact, the volume of the cavity decreases which, in turn, leads to a positive acoustic pressure inside the cavity ͓in white in Fig. 7͑a͔͒ . In contrast, outside the cavity, a negative pressure can be observed ͓in blue in Fig. 7͑a͔͒ . The inside wave is naturally restrained by the shape of the bowl ͓see Fig. 7͑b͔͒ .
Both internal and external acoustic wavefronts are propagating at sound speed c a , i.e., approximately three times faster than the elastic wave on the membrane: comparing Figs. 6͑b͒ and 7͑b͒, for example, shows that, at that time, the internal sound wave has already reached the opposite side of the cavity, compared to the impact point, while the membrane is still at rest in this area.
In the vicinity of the membrane itself, the sound field shows an interesting feature: it seems that an apparent ''guided'' wave, which immediately precedes the elastic wavefront on the membrane, is propagating ͓in green in Fig.  7͑b͒ to ͑d͔͒. However, this feature, for which we have yet no convincing explanation, is more clearly seen on animated pictures than on fixed illustrations ͑see Ref. 16͒ .
To see the effects of the discontinuity in the sound field on both sides of the kettledrum surface ⌫ more clearly, it is interesting to observe the time history of the pressure jump ͓ p͔ ͉⌫ ϭ p e Ϫ p i , where p i is the inside pressure and p e the pressure outside the instrument on ⌫ ͑see Fig. 8͒ . The blue color here corresponds to a negative pressure jump, which means that the magnitude of the pressure on the internal cavity surface is higher than on the surface in the external field. The red color indicates a positive pressure jump. A comparison between Figs. 6 and 8 shows that the pressure jump in the membrane plane is very similar to the elastic displacement field.
Finally, the time history of the energy terms defined in Sec. II were calculated in order to understand how the total energy of the system is balanced between mallet, membrane, and air. At the origin of time, the unique energy of the system is the kinetic energy of the mallet. During the compression, this energy is partially transformed into potential energy, because of the mallet's stiffness, and partially transferred to the kettledrum. Conversely, during its phase of decompression, the kinetic energy of the mallet increases whereas its potential energy decreases. At the end of the interaction time, it can be seen in Fig. 9 that the mallet leaves the membrane with an energy lower than its initial value, as expected. During the impact, the membrane energy E w is significantly larger than the acoustic energy. After the mallet has left the membrane, one can see in Fig. 9 an almost periodical exchange of energy between membrane and air. Due to both the internal losses, through the viscoelastic term in Eq. ͑5͒, and radiation in free space, simulated here by means of absorbing conditions at the boundaries, the total energy E of the system decreases slowly with time, as shown in Fig. 9 .
IV. COMPARISON WITH EXPERIMENTS
We now examine to what extent the present model accounts for the sounds produced by real timpani.
In order to compare the results of the simulations with measured sound pressures, it is necessary to estimate first the parameters of the model from experiments on a real instrument. The experiments were conducted on a hand-tuned 25Љ ͑63.5 cm͒ Premier kettledrum with fiberglass bowl and clear Mylar head ͑Premier 8435͒. The tuning was adjusted so that f 11 ϭ147 Hz ͑note D 3 ). The instrument is set into vibration by means of a hard mallet Vibrawell FC7 with carbon fiber handle whose head has a diameter of 46 mm. The membrane is struck at 10 cm from the edge. The pressure is recorded in the near field at a distance of 10 cm above the edge by means of an omni-directional Schoeps MC2 microphone, following the recommendations by Sullivan 10 ͑see Fig. 1͒ . All measurements were made in a studio recording room with very low reverberation ( 60 р0.4 s at 125 Hz and р0.15 s at 500 Hz͒ so that measurements of decay times are not altered by the room.
The spectral plots presented in the section are limited to the range 0-700 Hz. This upper limit has been selected by considering that this range contains most of the energy of the sound: the magnitudes of the spectral lines above 700 Hz are approximately 60 dB lower than the main peaks. There are no theoretical limitations here for enlarging this frequency range, but the price to pay would naturally be a refinement of the mesh which would, in turn, lead to an increase in computing time.
A. Measurements on real instruments
The effective mass m of the mallet and its initial velocity v 0 are determined by using the same procedure as the one used by Chaigne and Doutaut for xylophones. 17 In order to measure m, an impedance head B&K 8001 is struck by the mallet. This impedance head yields force and acceleration signals which are very similar in shape. Thus, m is obtained from the ratio between these two signals. These experiments show that the effective mass of the mallet to be considered here is about 20% higher than the static mass of the head. The initial velocity v 0 is obtained through integration of the acceleration signal of the mallet, during its contact with the membrane. The stiffness coefficient K and the nonlinear exponent ␣ of the mallet were obtained from force-deformation curves, following the same method as for piano hammers. 12, 18 The density of the membrane is simply obtained by weighting small samples of a torn membrane. The estimation of the tension, however, is more difficult and cannot be obtained directly. In order to measure this parameter, we use the property that the upper eigenmodes of the membrane are only slightly perturbed by the air loading. From the series of eigenfrequencies above 1 kHz, an estimate for the transverse wave velocity on the membrane is then obtained, from which the tension is derived. This method is fast and attractive since it yields a good estimate for the tension directly from the pressure waveform recorded by a microphone. However, when compared to the simulations, the value of the tension obtained with this method leads to a systematic underestimation of the eigenfrequencies ͑about 5%͒. Therefore, starting from the estimated value, the tension is increased step-bystep in the simulation program until both measured and simulated f 11 -frequency coincide in the pressure spectrum. In this case, a remarkable agreement is observed between the measured and simulated series of eigenfrequencies up to 700 Hz, which proves the validity of the method. The results shown in Table III are obtained through FFT analysis on a sample length of 9000 points ͑0.375 s at a sampling rate of 24 kHz͒ with a Hanning window, in the initial portion of the sound. This option follows from the necessity to use a relatively short window in order to measure the 0n-modes with sufficient accuracy, since these modes are damped very rapidly. The uniform tension here is equal to 3325 N/m and the viscoelastic constant is 0.6ϫ10
In Eq. ͑5͒, a viscoelastic constant was introduced in order to account for the fact that the internal damping in the Mylar membrane usually increases with frequency, as it is also observed in nylon strings and xylophone bars. In these two latter cases, was simply derived from measurements of the partials' decay times. 17, 19 However, the problem is more complicated here since the decay times of the partials are not only governed by the internal damping but also by the radiation through the pressure jump term in Eq. ͑5͒. Therefore, the procedure used here was the following: from the series of measured decay times i for the lowest 20 to 30 eigenfrequencies f i on a real kettledrum, an estimate for the viscoelastic constant was derived, assuming that the radiation losses are negligible. In these cases, is obtained from a curve-fitting between i and f i , recalling that, from Eq. ͑5͒, one can easily show that the i are given by 01  136  139  11  147  147  21  221  221  02  248  245  31  288  288  12  315  315  41  357  355  22  395  395  03  403  408  51  424  419  61  480  483  71 552 544
͑27͒
The value obtained for by means of Eq. ͑27͒ is used as a starting value for the simulations. Then, as for the tension, this parameter is adjusted by trial-and-error until the comparison between measured and simulated decay times is satisfactory enough. It must be emphasized that the model is quite sensitive to this parameter: differences of Ϯ20% in are clearly audible. In order to facilitate the calculation of the finite element's mesh, the shape of the cavity has been approximated by a half-ellipsoid given by the following equation:
a being the radius of the membrane, and H the height of the cavity. The volume V of the kettle is then equal to 2/3 a 2 HӍ0.1 m 3 . Figure 10 shows the comparison between this ellipsoidal shape and the shape of the real kettledrum. It can be seen that this approximation leads to a slight underestimation of the cavity volume ͑nearly 10%). Figure 11 shows a comparison between measured and simulated accelerations of the mallet. The two curves are very similar in amplitude and shape, and the impact duration is fairly reproduced. The discrepancies (Ϯ10%) are probably due to the relative simplicity of the model, where the mallet is reduced to its center of gravity, as well as to some errors in the estimation of the initial mallet's velocity and constants K and ␣.
B. Comparisons between simulations and experiments
Similarly, Fig. 12 shows a comparison between measured and simulated pressure at the position of the microphone. In Fig. 12͑a͒ , the waveforms are compared during the first 100 ms of the sound, i.e., during the initial part which immediately follows the impact of the mallet. Figure 12͑b͒ shows the waveforms nearly 3 s later, while the membrane vibrates freely. In both cases, it can be seen that the two sets of curves are almost superimposed.
The good similarity of the two signals is confirmed by spectral analyses ͓see Fig. 13͑a͒ and ͑b͔͒. It is a wellestablished fact that timpani sounds have the property of containing partials which are almost multiple integers of a fundamental which is not present in the signal. These partials are musically very important, since they convey the pitch of the played note. They correspond to the (m,1) angular frequencies of the membrane. 3 In our simulations, these frequencies are very well reproduced, as seen in the first column of Fig. 13 , which shows spectra averaged over the total duration of the sound ͑3 s͒.
The 3D plots in the second column of Fig. 13 are obtained through short-time Fourier transform on successive sample lengths of 9000 points ͑0.375 s͒ with Hanning window and 50% overlap.
One can notice some differences between measured and simulated pressure. Below 100 Hz, the spectrum of the measured signal in Fig. 13͑a͒ shows some low-frequency noise, with a few salient spectral lines, which is not present in the simulations. It has been checked that this noise is due to the electronic channel and not to the sound field.
Above 600 Hz, the simulated signals seem to contain more high frequencies than the real one. In addition, in this spectral region, the magnitude of the peaks in the simulations are slightly higher (Ϸ5 dB͒ than the corresponding peaks in the real spectrum. This may be a consequence of the approximations made in the modeling of the damping causes, since the losses at the membrane's edge and in the mallet's felt are neglected.
Another obvious difference between measurements and simulations is the presence of double peaks in the spectrum of the real pressure. As a consequence of this peak doubling, a number of beats can be observed in the time-frequency spectrograms ͑see the central column in Fig. 13͒ . These beats are also visible in the waveforms and are clearly heard.
The simulations were used in order to check whether or not this feature is due to imperfect tuning of the membrane, as it is usually assumed. For that purpose, simulations were made where the tension of the membrane is not uniform, but slightly higher around the tuning-screws than in the center. Figure 14 illustrates two examples of distribution for the membrane's tension which were used in the computations.
In the first case ͓see Fig. 14͑a͔͒ , the uniform tension ͑3325 N/m͒ is increased arbitrarily by about 5% around four screws and by about 10% and 15% around the two remaining screws, respectively. As a result of this nonuniform tensioning, it can be seen in Fig. 13͑c͒ that the eigenfrequencies are significantly increased ͑about 10%) and that multiple double peaks now appear in the spectrum. Consequently, multiple beats are visible in the 3D spectrogram. However, the values of the simulated eigenfrequencies do not correspond any longer to the one of the real kettledrum, even though the general shape of the spectrogram looks more realistic.
An appropriate method for obtaining simulations more similar to the measured pressure would have been to measure accurately the distribution of tension over the real membrane. These experiments were not conducted, due to their extreme difficulty. As an alternative, a trial-and-error procedure was used where a number of different simulations were made by changing the distribution of tension around the screws. Figure 14͑b͒ shows an example of distribution ͑case 2͒ which yields a very satisfactory agreement between measured and simulated waveforms and spectra: it corresponds to a tension of 3100 N/m in the center of the membrane ͑in white in the figure͒ and to a maximum increase of 7% around four of the six tuning-screws ͑in black in the figure͒. The corresponding waveform and spectrum can be seen in Fig. 13͑d͒ . The simulated eigenfrequencies now agree with the measured ones within Ϸ3%. Another meaningful result is that the double peaks, the time evolution of the partials, and the envelope of the waveform are now well reproduced. The corresponding synthesized sounds are very close to the real one.
In conclusion, this experiment shows, at least qualitatively, that these almost unavoidable features of timpani sounds can be reasonably attributed to irregularities in the tensioning process. The tone quality of timpani is highly dependent on the decay times of the main partials, as it has been already mentioned by other authors. 10 This requires looking more closely at the comparison between measured and simulated time histories of these frequencies. For the sake of clarity in the figures, the comparison is made in what follows between the simulated spectrum obtained with uniform tension ͓see Fig.  13͑b͔͒ and the measured one. As a consequence, the simulated partials are decaying smoothly without beats, which makes them more recognizable. The decaying curves presented in Fig. 15 are obtained by selecting the most salient frequencies in the initial part of the 3D spectral plots. This figure shows that the decay times of the ͑m,1͒ modes are well reproduced, whereas the decay times of the ͑0, n͒ modes are slightly more damped in the simulations than in the reality. The corresponding frequencies are listed in Table III . One can notice differences of a few Hz between these frequencies and those presented on the spectra in the first column of Fig.  13͑a͒ and ͑b͒. These small deviations are due to differences in the signal duration selected for the spectral analysis. In Table III , the FFT is made on the initial portion of the sound ͑0.375 s͒, only, whereas the total length of the signal ͑3 s͒ is used for the averaged spectra shown in the first column of Fig. 13 . 20 Calculated and measured modal frequencies ͑see Table  IV͒ and decay times ͑see Table V͒ are compared with the results of a previous study by Davis. The theoretical results in the frequency domain were obtained by this author using Green function and boundary integral methods. The measurements were made on a 26-in.-diameter Ludwig kettledrum. This author investigated theoretically the influence of various kettle shapes. 20 Only the cylindrical and ellipsoidal shapes are discussed here.
C. Comparison with a previous study by Davis
The present work is dealing with a Premier 25-in. kettle- 01  126  109  128  136  139  11  145  145  145  147  147  21  220  218  218  221  221  02  244  233  235  248  245  31  289  287  287  288  288  12  342  302  303  315  315  41  357  355  354  357  355  22  397  394  394  395  395  03  405  418  383  403  408  51  423  422  421  424  419 drum. Fortunately, the tensions used ͑3710 for Davis, 3325 N/m here͒ are such that the frequency f 11 is almost the same in both cases ͑145 for Davis, 147 Hz here͒. As a consequence, valuable comparisons can be made between the two different works.
The comparison between the two methods presented in Table IV shows that the results obtained for the first ten modal frequencies are very similar, within 2%, except for the 01, 12, and 03 modes. For the 01 mode, the cylindrical kettle model used by Davis yields a better prediction for the measured modal frequency than the ellipsoidal model. However, an opposite conclusion has to be drawn for the 12 mode. In addition, one can notice that the 01, 02, 12, and 03 modal frequencies measured on the Ludwig kettledrum are lower ͑between 4% and 9%) than the corresponding frequencies measured on the Premier kettledrum. This is certainly a consequence of the differences in size between the two kettle volumes ͑0.14 for Davis, 0.10 m 3 here͒. The comparison between calculated and measured decay times 60 for both kettledrums is shown in Table V . This quantity is defined as the time for a 60-dB attenuation of the sound pressure. Here again, the theoretical values obtained by Davis, for a cylindrical kettle, are calculated by means of a frequency domain method. In our case, the decay times are estimated from the decay curves presented in Fig. 15 .
The decay times measured on both kettledrums are similar ͑within 30%), except for the 02, 31, and 03 modes. This can be considered as a remarkable result, in view of the significant geometrical differences between the two instruments. However, the predictions are significantly better with the present model than with the model used by Davis, especially for the 01, 31, 41, and 51 modes. This follows essentially from the fact that our model includes a viscoelastic term to account for the losses in the membrane, whereas only sound radiation is included in the calculations made by Davis. In this context, the comparison between the two sets of calculated values yields useful information on the effect of radiation, compared to the effect of dissipation in the membrane, on the decay times.
V. DISCUSSION AND CONCLUSIONS
The model of the kettledrum presented in this paper is used for illustrating the time-domain evolution of the membrane displacement, of the sound field and of the pressure jump, starting from the impact by the mallet. The time histories of mallet, membrane, and acoustic energies are also calculated, which yield interesting information on the energy exchange between the constituent parts of the instrument.
The simulated external pressure is compared to the sound pressure radiated by a real instrument. The values of the parameters are derived from measurements performed on a hand-tuned Premier kettledrum. The comparison between measured and simulated waveforms and spectra shows that the model succeeds in capturing the main features of real sounds: the eigenfrequencies are reproduced within a few percent and the decay times of the main partials look very similar. In addition, it has been shown to what extent an improper tensioning of the membrane accounts for the temporal envelope of the sound and for peak doubling in the spectrum.
The simulation results obtained for the modal frequencies of the kettledrum are in good agreement with theoretical frequency domain predictions obtained by Davis in a previous study. 20 Comparison of decay times between the present time-domain model and the frequency domain method by Davis shows the relative importance of radiation and viscoelasticity of the membrane, respectively, in the damping process.
In the present state of the model, a given sound is defined by nearly 15 physical and geometrical parameters ͑see Table I͒ . However, through our simulations, it has been found that the model is more sensitive to some parameters than to the others: small modifications ͑of about 20%) in the viscoelastic damping factor , for example, alter the decay times significantly and yield clearly perceivable differences between real and simulated sounds. It has been also observed that similar results in the spectrum could be obtained with different sets of parameters: small variations of the sound speed c a , for example, can be compensated by changing slightly the tension of the membrane. The modeling of the mallet is similar to the one previously used in the past for pianos and xylophone. 12, 17 As for these two instruments, convincing results are obtained here despite the simplicity of the model. However, in the case of timpani, one may argue that, due to both the relative softness and dimensions of the head, it should be necessary to take into account the fact that the surface of contact varies with time during the impact. This question remains open.
The modeling of internal losses in the membrane with the help of only one coefficient ͑the viscoelastic loss factor ͒ yields surprisingly good results, although an intuitive physical analysis of the problem suggests that other causes of losses may exist in the mallet's felt and at the rubber edge of the membrane. The results seem to indicate that these two latter effects are either of second order, compared to the viscoelasticity of the membrane, or that they can be compensated, to a first approximation, by increasing .
The relevance of the kettle shape in terms of sound quality is a question of interest for timpanists and makers. 8 In this paper, an ellipsoidal shape has been selected for facilitating the definition of the mesh. It should be mentioned, however, that there are no basic limitations in the model with regard to the kettle shape. A comparison between existing and various mathematically defined shapes could be the goal of a future work. This work could also include a study on the function of the hole at the bottom of the kettle.
Finally, one can think of other possible extensions of the present model for time-domain investigation of acoustical systems made of a membrane stretched over an air cavity. This could be, for example, useful for the modeling of eardrum, microphone, or wall resonators. In this case, the impact excitation would have to be replaced by an acoustic excitation.
